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Convection in a s lag at  the sur face  of liquid meta l  and convection in a liquid meta l  without s lag a r e  
desc r ibed  r e s p e c t i v e l y  by a model  of convection in a liquid l aye r  with a f r ee  su r face  and by a model  of con-  
vect ion at  the sur face  of a solid.  The condit ions for convection in a liquid and at  the su r face  of a sol id  p r o -  
duced by the t h e r m o c a p i l l a r y  effect  have been cons ide red  e a r l i e r  in [1], and the combined g rav i t a t iona l  and 
t h e r m o c a p i l l a r y  effect  has been cons ide red  in [2]. 

The liquid l aye r  is a s sumed  suff ic ient ly  thin to make the A r c h i m e d e s  force  in the equations of motion 
negl ig ib le  but suff ic ient ly  thick to al low t h e r m o c a p i l l a r y  convection to occur  at  m o d e r a t e  t e m p e r a t u r e  
g rad ien t s  with the v i scos i ty  a s sumed  not to va ry  with t e m p e r a t u r e .  The ve loc i ty  f ie ld in a convect ion ce l l  
of s lag or  meta l  is ca lcu la ted  here  and the r e s u l t s  a r e  then appl ied  to the de t e rmina t ion  of diffusive flow 
a c r o s s  the sur face  of the liquid. 

1. Fundamenta l  Equat ions.  We cons ide r  a liquid l a y e r  confined between the p lanes  z = 0 (upper s u r -  
face) and z = h (lower surface) .  The liquid in the l aye r  is a s s um e d  at  r e s t .  Under the condition of a uniform 
t e m p e r a t u r e  over  the boundary su r f aces  the t e m p e r a t u r e  p ro f i l e  a c r o s s  the liquid wi l l  be l inear ;  T = T o + Az. 

We int roduce the following d imens ion les s  va r i a b l e s :  

x = h~, g = h~, z = h~, t' = (hZ/~)  t 

v~ = (v / h) u, v~ = (~ / h) v, Vz = (v / h) w 

p ~ p (~ / h) ~ H, T =  To + A h  (~ + O) . 

Here v is the k inemat ic  v i s cos i ty  of the liquid, p is i ts densi ty ,  p is  the p r e s s u r e ,  and t '  is the t ime .  

The equations of motion for  an i n c o m p r e s s i b l e  v i scous  l iquid and the equation of convect ive  heat  t r a n s -  
fe r ,  both in d imens ion les s  form,  a r e  

~V + (vV) v = ~ VH + Av, div v = 0 

(i.1) 

Here ~( is the t h e r m a l  diffusivi ty .  T h e r m o c a p i l l a r y  convection occur s  as  a r e s u l t  of the fact  that  the 
coeff ic ient  of sur face  tens ion v a r i e s  with t e m p e r a t u r e  and, t he re fo re ,  occu r s  when the t e m p e r a t u r e  at  the 
boundary su r f aces  is not d i s t r ibu ted  uni formly .  

When the t e m p e r a t u r e  g r ad i en t  exceeds  a ce r t a in  c r i t i c a l  value,  then, as  wil l  be shown subsequent ly ,  
a uniform t e m p e r a t u r e  d i s t r ibu t ion  is uns table .  The motion of the l iquid,  which begins at  sma l l  devia t ions  
f rom a uniform t e m p e r a t u r e  d i s t r ibu t ion ,  causes  th is  deviat ion to i n c r e a s e  and a nonuniform t e m p e r a t u r e  
d i s t r ibu t ion  to be es t ab l i shed  over  the su r f aces .  Moreover ,  the en t i r e  l iquid l aye r  wi l l  b r e a k  down into 
ce l l s ,  jus t  as  in the case  of g rav i t a t i ona l  convection [3]. The liquid r i s e s  along the axis  of each ce l l  and 
drops  along the edges,  or  v i c e - v e r s a .  
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It is well known [4, 5] that a change in the surface tension ~ along a boundary surface produces tan-  
gential forces  whose magnitude per  unit surface a rea  is V a. Assuming that the tempera ture  variat ion along 
the z = 0 surface is small ,  we may let Va = - y V T  (T = const). 

The condition of impermeabi l i ty  for the surface and the condition of continuity for the tangential com-  
ponents of the s t r e s s  tensor  signify that at z =0 

OVx OT c~v v O T  
vz=O, IX~z = T - ~ ,  ~ ' z  =T0--7 (l~=p~). (1.2) 

F rom the continuity equations and (1.2) follows 

c~2v z 

or,  in dimensionless  form with L = 0, 

O~u' - -  C + 0 = 7Ah2)  
C W~ j " (1.3) 

A heat t ransfer  is assumed to occur at the upper surface of the liquid with the surrounding medium 
which yields a corresponding boundary condition: 

u or /Oz  = Po + q ( r -  r0). 

Here ~ is the thermal  conductivity of the liquid, Q0 is the thermal  flux density through a unit surface 
a rea  of the liquid at the surface tempera ture  T 0, and q(T-T0) is the change in thermal  flux density due to a 
small  deviation of the t empera tu re  f rom T o . 

Changing into the dimensionless form yields at ~ = 0 the condition 

0 0 / 0 ~  -~- B O  (B  = qhln)  . (1.4) 

In analyzing the motion in a slag at the surface of liquid metal, we assume that the metal below has 
a negligibly low viscos i ty  but a much higher thermal  conductivity than the liquid slag. The s lag-meta l  bound- 
a ry  may then be considered free, and its tempera ture  constant: 

u, = a ~ w / a ~  ~ = o = o  

F o r  the layer of liquid metal we write analogously 

at ~ = i ,  (1.5) 

w =  OwlO~ = 8010~ = 0 at ~ = i ( 1 . 6 )  

assuming here that the conditions of adhesion prevai l  at the solid surface and that, when the liquid metal  
has a high the rmal  conductivity, the thermal  flux does not depend on changes in the surface tempera ture .  

2. The Linearized Steady-State System of Equations. Since the sys tem of equations and boundary 
conditions is homogeneous, the velocity and tempera ture  field will be determined exactly except for an a r -  
b i t ra ry  factor  henceforth called the amplitude. 

An analyt ical  solution of the l inearized s teady-s ta te  system will allow us to determine C.  - the c r i t -  
ical value of pa ramete r  C - at which a s teady-sta te  solution is possible.  

An analysis  of the standstil l  stability under small  perturbat ions is, by the substitutions 

v = v l e x p ( - - s t ) ,  I I = I I l e x p ( - - a ) ,  0 = 0 ~ e x p ( - - ~ t )  

(v 1, II l, and 01 are  independent of time), reduced to the problem of finding the eigenvalues for the sys tem 
of equations 

- -  svl = --VII1 + Avl, d i v v l  = 0 

- -  , 0 1  = P - 1 A O 1  - -  w i  
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with the  a p p r o p r i a t e  bounda ry  cond i t i ons .  

The  s t a n d s t i l l  is  not  s t a b l e  if among  the  e i g e n v a l u e s  is  a t  l e a s t  one wi th  a n o n p o s i t i v e  r e a l  c o m p o n e n t  
Re  s -< 0. T h e r e f o r e ,  the  beg inn ing  of  s t a b i l i t y  is  a s s o c i a t e d  wi th  the  a p p e a r a n c e  of so lu t i ons  w h e r e  Re  
s = 0 .  

The  s tudy  is c o n c e r n e d  wi th  s t e a d y - s t a t e  convec t ion  r e s u l t i n g  f r o m  in s t ab i l i t y ,  and t h e r e f o r e ,  we mus t  
s e e k  the  so lu t ion  wi th  s = 0. The  c o r r e s p o n d i n g  v a l u e s  of the  t e m p e r a t u r e  g r a d i e n t  A and of  the  p a r a m e t e r  
C wi l l  be the  c r i t i c a l  ones  A ,  and C . .  S t e a d y - s t a t e  convec t ion  i s  not  p o s s i b l e  when C < C . .  

Unt i l  now a p p a r e n t l y ,  the  s t a b i l i t y  and the beg inn ing  o f  t h e r m o c a p i l l a r y  c onve c t i on  have not  been  
s tud ied  t h o r o u g h l y  enough.  The s u f f i c i e n t l y  g e n e r a l  and conv inc ing  i d e a s  s t a t e d  by L. D. Landau  in h i s  s tudy  
of t u r b u l e n c e  [5] can  be use fu l ,  h o w e v e r ,  in h y p o t h e s i z i n g  on the  c h a r a c t e r  of  t h i s  k ind  of mot ion .  

Le t t i ng  C be s l i g h t l y  above  c r i t i c a l ,  one m a y  a s s u m e ,  a c c o r d i n g  to L.  D. Landau ,  t ha t  the  a m p l i t u d e s  
of  the  v e l o c i t y  f i e ld  a r e  p r o p o r t i o n a l  to the  quan t i ty  u = r ( C - C , / C ,  in the  l i n e a r i z e d  a s  w e l l  a s  in the  non-  
l i n e a r  s t e a d y - s t a t e  p r o b l e m .  The  a m p l i t u d e  of the  i n i t i a l  c o n v e c t i o n  c u r r e n t  is  s m a l l ,  and a so lu t ion  of the  
l i n e a r i z e d  s y s t e m  of equa t i ons  w i l l  y i e l d  the  so lu t i on  to the  n o n l i n e a r  s y s t e m  by the  me thod  of s m a l l - p a r a m -  
e t e r  p e r t u r b a t i o n :  

Y ~ ev (~ + e 2v(1) -b e 3v(~) -]- �9 �9 �9 

II = eli(~ + e~ll(1) + sail(S) + . . .  

0 = e0 (~ + ~20(1) + e~0 (2) + . . . .  
(2.1) 

H e r e  ev (~ ~H(~ e0(~ a r e  the  so lu t ion  to the  l i n e a r i z e d  p r o b l e m .  

The l i n e a r i z e d  s t e a d y - s t a t e  s y s t e m  of  equa t ions  

A v - -  VII = O, d i v v  = O, AO--  P w  = 0 

can  be r e d u c e d  to a s y s t e m  of equa t ions  in t e r m s  of  func t ions  of  w and 0: 

A A w =  0, AO = P w  

(2.2) 

(2.3) 

by e l i m i n a t i n g  u, v, and II wi th  the  a id  of the  s econd  equa t ion  in (2.2).  

A c c o r d i n g  to [3], a l iquid  l a y e r  du r ing  s t e a d y - s t a t e  c onve c t i on  m a y  be a s s u m e d  to b r e a k  down into 
c y l i n d r i c a l  c e l l s  wi th  a x i a l  s y m m e t r y .  In c y l i n d r i c a l  c o o r d i n a t e s ,  w and 0 wi l l  be func t ions  of two v a r i a b l e s  
p and ~, w h e r e  p is  the  d i m e n s i o n l e s s  r a d i a l  c o o r d i n a t e  ( r a t i o  of the  r a d i a l  d i m e n s i o n  to the  l a y e r  t h i c k -  

n e s s  h). 

S y s t e m  (2.3) wi th  the  c o r r e s p o n d i n g  b o u n d a r y  cond i t ions  is  s o l v e d  by  the  method  of s e p a r a t i n g  the  

v a t  lab le s: 

w = k J  o (ap) W (~), 0 = k P J o  (ap) 0 (~). (2.4) 

H e r e  k i s  the  a m p l i t u d e  of  the  v e l o c i t y  f ie ld ,  J0 is  the  z e r o - o r d e r  B e s s e l  func t ion ,  and  a i s  the  s e p a r a -  
t i o n - o f - v a r i a b l e  s cons t an t .  

F u n c t i o n s  W and | s a t i s f y  the  equa t ions  

(2.5) 

The  cond i t ion  tha t  the  v e l o c i t y  f i e ld  in a c onve c t i on  c e l l  is  bounded  and tha t  the  r a d i a l  v e l o c i t y  c o m -  
ponent  vp v a n i s h e s  a t  the  l a t e r a l  b o u n d a r y  of a c y l i n d r i c a l  c e l l  w i l l  d e t e r m i n e  the  a p p r o p r i a t e  z e r o - o r d e r  
B e s s e l  funct ion  a m o n g  the  s e t  of  so lu t i ons  to the  B e s s e l  equa t i ons  o b t a i n e d  fo r  the  r a d i a l  v a r i a b l e  a f t e r  

s e p a r a t i o n ,  and i t  r e q u i r e s  t ha t  a 2 be r e a l .  

A s s u m i n g  tha t  the  r a d i a l  c o m p o n e n t  of the  v e l o c i t y  f i e ld  f i r s t  b e c o m e s  z e r o  a t  p ~ 0 a t  the  c e l l  b o u n d -  
a r y ,  we s e e  tha t  o b v i o u s l y  the  d i m e n s i o n l e s s  r a d i u s  of  the  c e l l  is  equa l  to P0 = x n / a * ,  w h e r e  xtl  is  the  s m a l l -  
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e s t  pos i t ive  r o o t  of the f i r s t - o r d e r  Bes se l  funct ion Jl(x) and a ,  is the value of  p a r a m e t e r  a which c o r r e -  
sponds to the beginning of  convect ion ,  i .e . ,  to C , .  

It is now evident  t ha t  the value of a in Eqs .  (2.4) is not a r b i t r a r y  but such as  to make  ap 0 = Xll i w h e r e  
Xll is the l - t h  pos i t ive  r o o t  of the f i r s t - o r d e r  B e s s e l  function.  

in this  s tudy we ana lyze  convect ion  at va lues  of C only s l ight ly  above c r i t i ca l ,  and t h e r e f o r e ,  a is 
a s s u m e d  equal  to a , .  

Equat ions  (2.5) can  be solved for  two se t s  of boundary  condi t ions  c o r r e s p o n d i n g  to two c a s e s  con-  
s ide red  he re :  convect ion  in a s lag  and convec t ion  in a meta l .  

At  the  upper  boundary  C = 0 the condit ions a r e  

d-~W = aZ60, ~ 0 = B~}, W = 0 .  (2.6) 

These  condi t ions  a r e  supplemented  by addi t ional  ones :  

d 2 

(2.7) 

fo r  convec t ion  in a s lag and 

d W=-j~W-= 0 = 0  at ~ = 1  (2 .s) 

for  convec t ion  in a meta l .  

The solut ion to Eqs .  (2.5) with condit ions (2.6) and (2.7) fo r  convect ion  in a s lag  is 

W = sh aS + ~ sh 2 a s h a ~  - -  ~ sh a eh a eh a~ 

0 2 s h ~ a { .  - ~ s h a ~ )  I I = ~ ~,cn aS + + ~ W (~') sh a (~ --  ~') d~' 
�9 ' 0 

C= 8ash~a(acha+Bsha) 
(a -t" sh a ch a) sh a -- 2a ~" ch a ) 

45 C=8a ' ( l - -~ - -~ - )  fora>>.J,C=-.~-(l+B) for a < l .  

(2.9) 

(2.10) 

The ca lcu la ted  c u r v e s  r e p r e s e n t i n g  C (a, ]3) a r e  shown in Fig .  1 for  va r ious  va lues  of B. 

The r e s u l t s  h e r e  indica te  tha t  t h e r m o c a p i l l a r y  convec t ion  in a l aye r  with a f r e e  lower  su r f ace  o c c u r s  
at  c r i t i c a l  va lues  C ,  and a ,  which  depend on p a r a m e t e r  B. At va lues  C < C ,  t h e r e  o c c u r s  no s t e a d y - s t a t e  
convect ion .  

If the liquid b o r d e r s  on a sol id su r face  undernea th ,  then the solution to Eqs .  (2.5) with condi t ions  (2.6) 
and (2.8) is 
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W----- a sha~-} -  ( s h a c h a - - a ) ~ s h a ~ - -  ~sh 2 a c h a ~  

@ = sh 2aaC-- 2a(ch ai -~ ~B sh a t) -~- a l  I W (~')sha (: - -  ~')d/" 
o 

(2,11) 

4a ( a s h  a q -  B ch  a) (sh 2a - -  2a) C =  
sh2a ch  a - -  2a sh a q-  a ~ ch  a - -  a 3 s h a  

C = 8a 2 (t + B / a )  for a ~ > l  

C = 48 ( t + B / a =) for a ~ l  . 

(2.12) 

A c o m p a r i s o n  between Fig .  1 and F ig .  2 (taken f r o m  [1]) indica tes  tha t  convec t ion  begins  in the f i r s t  
c a s e  at  va lues  of C a p p r o x i m a t e l y  1.5 t imes  lower  than in the second ca se .  

3. Ampl i tude  of  the Veloc i ty  F ie ld .  The ve loc i ty  field fo r  the l i nea r i zed  s y s t e m  of equat ions  can be 
found exac t ly  except  for  the ampl i tude ,  the de t e rmina t ion  of which is t ied to the ex i s t ence  condi t ion fo r  a 
solut ion to the nonl inear  s y s t e m  of s t e a d y - s t a t e  equat ions .  Grav i ta t iona l  convec t ion  has  been  ana lyzed  
e a r l i e r  in an analogous  manner  [6]. 

If we e l imina te  C f r o m  the boundary  condi t ions ,  which can be done by r e p l a c i n g  0 with a new funct ion 
= CO, then the equat ions  of  mot ion and of hea t  t r a n s f e r  can be wr i t t en  in the o p e r a t o r  f o r m  as  

L' = 

L ' X '  = F (3.1) 

A 0 0 

0 A 0 

0 0 A 

0 o 
a~ o~ 

0 0 - - i  

o 0 
o~ 

_2_o) 
on 

- o @  0 , 

 oo/ 
X = 

(vV) v 
, F = ( v V )  w 

0 
vV__5_~ 

j o 

Evident ly ,  unlike in the case  of g rav i t a t iona l  convect ion  [6], o p e r a t o r  L '  is not  a s e l f - ad jo in t  one.  If 
we cons ide r  funct ions v, I I - ~ T ,  and T ins tead  of  v, 1I, and r ,  however ,  then Eqs .  (3.1) wil l  y ie ld  a s y s t e m  
which can be e x p r e s s e d  in o p e r a t o r  f o r m  with a se l f -ad jo in t  o p e r a t o r :  

L---- 

L X  = F 

A 0 0 

0 A 0 

0 0 A 

0 0 0 

o~ on a~ 

-~ ~-T-~-~ 

X= 
(u) Y 

W 

T 

o o 

o O 

0 

0 0 

o 

(3.2) 

The s y s t e m  of Eqs .  (3.2) can be solved by the method of s e r i e s  expans ion  fl'l a s m a l l  p a r a m e t e r  e, 
whe re  n e c e s s a r i l y  1 /C = ( 1 - e 2 ) / C . .  

In this  way  we obtain the fol lowing s y s t e m  of equat ions:  

Lo X(~ = O, 

LoX(1) = F(1), LoX(2) = F(2). 
(3.3) 
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In accordance  with the Fredholm al ternat ive,  nonhomogeneous sys tems of equations like (3.3) have 
solutions X(1), X (2) only if the r ight-hand sides of these equations F(I) and F (2) a re  orthogonal to the X(~ 
solution to the homogeneous system of equations 

i [v(~176 vC~ q-~-~x(o)(r176176176 (3.4) 

(dar = 2npdpd;). 

The absence of a no rma l  velocity component at a cel l  surface and the continuity equation allow a t r an s -  
format ion of (3.4) into 

I Iv(O)(v(o)V)v(~) +cfl-~z(O)v(o)VV~)-bx(o)w(O)ldar=O. (3.5) 

Condition (3.5) is sat isf ied only when the amplitude of the velocity field in a convection cel l  of a liquid 
has a defInite value. 

Indeed, the X 0) solution to the nonlinear sys tem of Eqs.  (3.3) will be sought in the form 

v(Z)= ~ ; v , , t ,  ila)=~, I3,~tII,a. xa)_-- ~"r,u'~,~,. (3.6) 
n, I **, l **, l 

Here  Vn/ is a vec tor  with components Vn/p , 0, Wnl in cyl indrical  coordinates:  

vnt p = - -  (gn / at) J1 (alP) cos g n ~  u, nl ~ ,1"o (alp) s i n  nn~ 

(a l~ -.t- ~n~)  ~1 a l~ .3t- Y(~n ~ 
-~/~ Yo (alP) s i n  nn~,  II** t = - -  ~ n  a i z ,1.o (alP) COS ~n~ 

a l ~ X l l / P O  (l, ** = 1, 2, ...) 

(3.7) 

These functions sat isfy the equations 

AVnl = V I l n l  --~ "r d i v  r u t  = 0 

AT** l = R n l w n l  (Rnl = (al= .-~ n'n,)' / at" ) 

Here  e[  is the locus in the direct ion of the ~ axis.  With system (3.7) being complete in the 0 ~ p ZOo , 
0 -< ~ - 1 range and with the aid of the continuity equation we can seek X(i) in the fo rm (3.6). 

Insert ion of (3.6) into sys tem (3.3) and a sca la r  multiplication of this sys tem by the vec tor  whose 
components a re  Vmk, IImk , ~mk will yield the following equations: 

Z(~nl~Vtt~Rnl'-~'Vrc~k'  ~ l ( - - O ~ n l " ~  Rn lTn l )  W * * l r a ~ = T m k  ( 3 . 8 )  
n, ~ n, I 

/ViZm~nl = I w m~'~nld~r 

= _~i ~ zm v(O)v~(O)d3r V'n~ -~ I vmk  (v(~176 Trek C .  J 

With the aid of (3.7) we can obtain 

W,.~**,=W,~l~,..8~l (8,.**= { x' "='~ ) 
O, m, .4. 71. 

(Wnl  = --  t/,r: (a I -t- 7:2..2 / al ), oo~ j,2 (XI/)) 

From (3.8) we have 

O~** 1 = V ** l [ W n l ,  7.* z = PC,  (T ~: § V,~t) /R**zWz �9 
(3.9) 
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I n s e r t i n g  e x p r e s s i o n s  (2.4) and (3.7) into (3.9) w i l l  y i e l d  the fo l lowing  r e s u l t :  

anl = ~'nlal [(2a*e -~- z~"ng"All ) B l n  "4- gn (t  - -  2A~_l) B2nl 

"rnl = Lnt(P~PC, [ala (2a,  ~ -t- ~n~All) Tnt~Bln "1- :lnala (l - -  2Alt ) (pn[ZB~n + 

--~ a,ai~ (Ael - -  Aal ) Ban 2v gna,al~'A2tBan ] 

4k'-(Pnt~Lt t ~o 
~'nt ~ "e*xn2Jo z (xll) ' (Put -- ale -1- n:~n~' Lt = .~ orz 2 (a,p) J'l (a~p) dp 

0 
2 4 . 4 - -  26z2 xll 

AU = 4 - -  6z2 ' A~t ~ 6l  ( 4 - -  6/2) ' Aal  = 6 l (4 - -  6 l  :~) ' ~1 - -  Xll 

it 1 
BI'~ -~ i dW W ~ s i n ~ n ~ d ~  ' B~n f / d W ' 2  �9 = ,  t - : ; )  

0 0 
1 1 

d W  
B 3 n :  l " - ~ O s i n " n ~ d ~ ,  B4n = f WOcos~n:d: 

0 o 

(3.1o) 

If s e r i e s  (3.6) i s  now i n s e r t e d  into the  cond i t ion  of s o l v a b i l i t y  (3.'5), then  

~ i[%,r ) "r,,, (v(~ x(~176 d 8r -4- f "r176176 = O" (3.11) 

It i s  a s s u m e d  tha t  m o s t  s i g n i f i c a n t  in s e r i e s  (3.6) a r c  the  t e r m s  wi th  the  f i r s t  n o n z e r o  v a l u e s  of c o e f -  
f i c i e n t s  oql , Yil. 

The  i n t e g r a l s  in (3.11) m a y  be e x p r e s s e d  as  

2~k~L1 
v (~ (v(~ vud3r= ~ {Bll [(a, 2 - -  ~2)  A l 1  - -  2a,~An] -~- ~:Bel (t --  Aal)} 

f T(o)v(O)v.Cnd3r 2nk3Lt _ _ _ - -  8 ~  C ,  (All/J31 -~ ~r 

I k 2 ; 0.31 

(3.12) 

The  i n t e g r a l s  in (3.10) and (3.12) wi th  r e s p e c t  to the  v a r i a b l e  ~ w e r e  c a l c u l a t e d  a p p r o x i m a t e l y ,  u s i n g  the 
f i r s t  t e r m s  of  the  F o u r i e r  s e r i e s  into which  the i n t e g r a n d  func t ions  had  been  expanded  and e x t r a c t i n g  the  
l i n e a r  c o m p o n e n t s  fo r  f a s t e r  c o n v e r g e n c e .  

The  a m p l i t u d e  of the  convec t i on  v e l o c i t y  f i e ld  in a s l ag  (P >> 1) c a l c u l a t e s  a s  fo l lows  

k -1- 2.3e a, ~ -}- ~2 [C, (a, e -}- :~2) j V, 
~-- ---' - - - F - ~  L sha,  (3.13) 

In a m e t a l  (13 << 1) the  a m p l i t u d e  of the  convec t ion  v e l o c i t y  f i e ld  b e c o m e s  

k --- -4= 3.7eb2 I/F--hiP 

t / b i = 4ga,qDll 2 (sh a ,  ch a ,  ~ sh a ,  - -  a ,  - -  a ,  ch a,)  

1 / b 2 = 8ga,T2l 2 (sh a ,  ch a ,  ~ a ,  ch a ,  - -  a ,  - -  sh a , )  

s h 2 a * - - 2 a * { c h a * 2 v B s h a * - [ -  i~ ~ -~, ] - t - ~  C, eha, .._[_C, sha,(t--ch2a,)8a,a F 

(3,.14) 

S p e c i f i c a l l y ,  c o r r e s p o n d i n g  to t h e s e  r e s u l t s ,  the  a m p l i t u d e  of  v e l o c i t y  in a s l ag  wi th  B = 0 is  k ~  • 5 0 e /  
P and in a l iqu id  m e t a l  wi th  B =1 is  k ~  �9 1 0 0 ~ f P .  

4. Convec t ive  D i f fu s ion .  F o r  c a l c u l a t i n g  the  v e l o c i t y  a t  which  gas  e s c a p e s  f r o m  a l iqu id  l a y e r ,  one 
m u s t  so lve  the  equa t ion  of  c o n v e c t i v e  d i f fus ion ,  which  for  the  s t e a d y - s t a t e  c a s e  in d i m e n s i o n l e s s  v a r i a b l e s  i s  

oqC (4.1) 
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H e r e  PD is  the  P r a n d t l  d i f fus ion  n u m b e r  and e i s  the  c o n c e n t r a t i o n  of  gas  in the  l iquid .  

The  a x i a l  v e l o c i t y  c o m p o n e n t  w i s  d e t e r m i n e d  f r o m  Eqs .  (2.4), (2.9), (2.11), and a c c o r d i n g  to the  c o n -  
t inu i ty  equa t ion ,  the  r a d i a l  v e l o c i t y  c o m p o n e n t  i s  

vp = - -  (k / a , )  Jx ( a ,  p) d W  ] d ~ .  (4 .2)  

Since  u s u a l l y  for  l i qu id s  PD >> 1, the  cond i t i on  k P  D >> 1 (k >0) can  be s a t i s f i e d  in a c onve c t i on  c e l l  
even  a t  low a m p l i t u d e s  of v e l o c i t y .  

In t h i s  c a s e  one m a y  a p p l y  the  V. G. Lev i ch  t h e o r y  of convec t ive  d i f fus ion  [4], a c c o r d i n g  to which  the 
c o n c e n t r a t i o n  d i s t r i b u t i o n  of  a s u b s t a n c e  in a vo lume  is  c h a r a c t e r i z e d  by the  p r e s e n c e  of a th in  d i f fus ion  
l a y e r  r e s u l t i n g  in a c o n c e n t r a t i o n  change only  wi th in  a th in  l a y e r  n e a r  the  s u r f a c e  ~ = 0, w h e r e  the  v e l o c i t y  
f i e l d  i s  d e s c r i b e d  by the f i r s t  t e r m s  of a p o w e r  s e r i e s  in ~: 

w = ka~]o (a, p) ~, v~ = - -  k (a~ / a,)  J1 (a,  P) (4.3) 
(Otl=a,--sha, cha,, a2=a.~--sh~a,) , 

S u b s c r i p t s  i = 1, 2 c o r r e s p o n d  to convec t ion  in the  s l ag  and in the  m e t a l  r e s p e c t i v e l y .  

The  p r o b l e m  is  now r e d u c e d  to f inding the  so lu t ion  to the  equa t ion  

(4.4) 

with  b o u n d a r y  cond i t ions  de f in ing  the c o n c e n t r a t i o n  c = Coo in the  m e l t  v o l u m e  ( ~ - - ~ )  and  in the  v i c i n i t y  of 
a con f luence  po in t  (if w < 0 a t  p = 0) o r  l ine  (if w > 0 a t  p = 0) and c = c o a t  the  b o u n d a r y  s u r f a c e  (~ = 0) e x c e p t  
the  conf luence  po in t  o r  l i ne .  

The  M i s e s  t r a n s f o r m  [4] s i g n i f i e s  a t r a n s i t i o n  f r o m  v a r i a b l e s  p,  ~ to new v a r i a b l e s  ~, p ,  w h e r e  

a_~ % " t ~ w 1 ) ( ~  04 (4.5) ~= ] l ( a , p )  = - - 7 - ~  ' ~ , -  p ~-  �9 

Then  Eq .  (4.4) b e c o m e s  the  equa t ion  of h e a t  conduc t ion  

31 (a, p) ap) (4.6) 

If w>O (k < 0), then the confluence line of the current corresponds to a,p = xll, and therefore, function 
T is  c o n v e n i e n t l y  chosen  in the  f o r m  

kaiPDa,4~:+ = [xn2J~ (xn) - -  a,'p~J~ (a.  p)] (4.7) 

If w < 0 (k >0),  then  the conf luence  po in t  o b v i o u s l y  c o r r e s p o n d s  to  p = 0, and t h e r e f o r e ,  one m u s t  c h o o s e  

- -  kaiPDa,~v_ = p~J~ (a, p ) .  (4.8) 

In both  c a s e s  the  b o u n d a r y  cond i t ions  a r e  i de n t i c a l :  

c = c o  for ~p=0,  ~=p0 

c .--> coo for ~p--~ oo 

c - - , e o o  f o r  ~-+0, ~ 0 .  

Equa t ion  (4.6) wi th  b o u n d a r y  cond i t ions  (4.9) a d m i t s  a s e l f - s i m u l a t i n g  so lu t ion :  

(4.9) 

X 

( ) c - -  co = erf 4 _ err x = exp (-- t 2) dt �9 
C~o --  co 2 F~  o 

(4.zo) 
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In this way the diffusion cu r r en t  densi ty a t  the in terphase  boundary is 

(0o) D(o - 0) Jlco, p) 

The total  cu r ren t  f rom the sur face  a r e a  pe r  one cell  is 

I = 2~h...~. ]xdx 2hxn (0~ -- c0) #~OvJ2 (xll) lkal I 
a, B , a, 2 �9 

0 

The mean cu r ren t  density f rom a unit a r e a  of the mel t  sur face  is 

Io  - -  - "3" ( c~  - Co) ~ = ~ y ~,.r~ ( ,~ )  I k ~  I �9 

In specif ic  eases  the thickness  of the diffusion boundary layer  is 

5~-~O.I(D/xe)~I ,, P > ~ l ,  B = O  
6,~O.I(D~x/~%2)  v', P ~ I ,  B = I .  

(4.11) 

(4.12) 

(4.13) 

1o 
2. 
3. 

4| 
5. 

6. 
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